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Abstract
In the present paper, we investigate the propagation of a massive spin-3
2
field, aiming
at a direct application in hadronic models of the pion-nucleon (πN) interaction.
Suitable expressions for the contributions to the standard invariant amplitudes A
and B are derived, applicable in the general case of isospin decomposition. We
first deal with the details of the lengthy calculation involving the Rarita-Schwinger
propagator and confirm the validity of the expressions which had appeared in the
literature in the early 1970s. We subsequently derive the corresponding contributions
when following two other approaches, one featuring the Williams propagator, the
other being known as Pascalutsa’s method.
PACS: 13.75.Gx; 25.80.Dj; 11.30.-j
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1 Introduction
The treatment of Feynman graphs (simply ‘graphs’ hereafter), involving vir-
tual fermions with spin J > 1
2
, is rather intricate; as a result of the off-shellness
of the intermediate state, its propagator is expected to contain, apart from
the ‘nominal’ contributions of the spin-J state, contributions from the states
of lower spin J − n, where 1 ≤ n ≤ J − 1
2
. As the fixation of their admixture
can hardly be made on a theoretical basis, each of these states introduces into
the problem one additional free parameter. Furthermore, the effort, needed
for obtaining the contributions to the scattering amplitude, increases rapidly
with J .
The aim of the present paper is to revisit the subject of the contributions (to
the scattering amplitude) of graphs involving a massive spin-3
2
intermediate
state and provide details which had been omitted in relevant past papers. Al-
though our focus (and main interest) lies with an application to pion-nucleon
(πN) scattering, the generalisation of the approach to two-hadron scatter-
ing may be achieved by changing the masses of the interacting particles and
including the appropriate isospin decomposition of the scattering amplitude.
Regarding the πN system, below a typical (pion laboratory kinetic) energy
of a few hundred MeV, the contributions to the hadronic part of the scatter-
ing amplitude of the graphs with a ∆(1232) intermediate state (Figs. 1) are
indispensable in the description of the experimental data.
In the present paper, we will make use of the following notation and conven-
tions.
• The speed of light in vacuum c is equal to 1.
• Einstein’s summation convention is used.
• In denotes the n× n identity matrix.
• gµν denotes the Minkowski metric with signature ‘+ − −−’.
• The isospin operators of the nucleon and of the pion are denoted by 1
2
~τ and
~t.
• γµ (µ = 0, 1, 2, 3) are the standard Dirac 4 × 4 matrices, satisfying the
relation {γµ, γν} = 2gµνI4.
• mp and mc denote the masses of the proton and of the charged pion.
• s, u, and t are the standard Mandelstam variables; we also make use of the
Mandelstam variable ν, defined as
ν =
s− u
4mp
. (1)
• For a 4-vector a, 6 a = γµaµ; the corresponding 3-vector (i.e., the vector of
the spatial components of the 4-vector a) is denoted by ~a.
• T stands for the pion laboratory kinetic energy. Supposing that the nucleon
(a proton target is assumed) is initially at rest in the laboratory system,
the relation between s and T is: s = (mp +mc)
2 + 2Tmp.
• CM stands for the centre of mass.
• The total energy W in the CM frame obeys the relation: s = W 2.
• p and q are the 4-momenta of the nucleon and of the incident pion in the
CM frame, which is defined by ~p + ~q = ~0.
• p′ and q′ are the 4-momenta of the scattered nucleon and of the scattered
pion in the CM frame; of course, ~p ′ + ~q ′ = ~0.
• θ denotes the scattering angle in the CM frame.
2
Energy-momentum conservation enforces the relation p+q = p′+q′. For elastic
scattering, q0 = q
′
0 (consequently, p0 = p
′
0).
The present paper is organised as follows. Section 2 provides a summary of the
historical developments regarding the propagation of ∆(1232) in the context
of the πN interaction. Section 3 provides useful details for the calculation of
the corresponding contributions to the scattering amplitude, the separation of
the effects into pole and non-pole parts, and the isospin decomposition of the
resulting amplitudes. In Sections 4, 5, and 6, details are given regarding the
lengthy calculation of the contributions to the standard invariant amplitudes
A and B, using three approaches, featuring the Rarita-Schwinger propagator,
the propagator which Williams introduced in the mid 1980s, and the method
which Pascalutsa proposed in the late 1990s; suitable expressions are given,
applicable in the general case of isospin decomposition of the scattering am-
plitude. In Section 7, we compare the invariant amplitudes, obtained with
these three approaches, and briefly discuss a few obvious differences. Section
8 contains a summary of the main findings of the present work.
2 The ∆(1232) and the πN∆ interaction
The need to determine the contributions to the scattering amplitude of graphs
with a ∆(1232) intermediate state originally served as the main motivation
for developing methods of treating the propagation of massive spin-3
2
fields.
It thus appears natural to unfold the relevant historical developments bearing
the ∆(1232) in mind.
The first attempts to construct the massive spin-3
2
propagator date back to the
late 1930s [1] and early 1940s [2]. The propagator, then obtained, has been
known in the literature as the ‘Rarita-Schwinger propagator’; it comprises
spin-3
2
and spin-1
2
contributions, and contains an arbitrary (in general, com-
plex) parameter A 6= −1
2
. In the mid 1980s, Williams proposed a propagator
which did not contain spin-1
2
components [3], but shortly afterwards Benmer-
rouche, Davidson, and Mukhopadhyay [4] argued that, as it has no inverse,
the ‘Williams propagator’ cannot be correct. Other propagators appeared in
the late 1990s, without [5,6] and with [7] spin-1
2
contributions. In the analyses
after (and including) Ref. [8], we have followed the Rarita-Schwinger formal-
ism, as presented in Ref. [9], with A = −1. (This choice for A eliminates part
of the spin-1
2
contributions.)
The interaction Lagrangian density
∆LpiN∆ =
gpiN∆
2mp
Ψ¯µ ~T ·Θµν∂ν~πψ + h.c. (2)
3
introduces two parameters: the coupling constant 1 gpiN∆ and the parameter
Z associated with the vertex factor
Θµν = gµν −
(
Z +
1
2
)
γµγν ≡ gµν + zγµγν . (3)
In Eq. (2), Ψµ stands for the spinor-vector field of the ∆(1232); the spinor
index is suppressed. ~T is the transition operator between the total-isospin
I = 3
2
and I = 1
2
states. The parameter Z has also been associated with the
spin-1
2
contributions to the ∆(1232) field 2 , entering the scattering amplitude
via the πN∆ interaction vertex (rather than directly, i.e., via the ∆(1232)
propagator). In general, Z is complex [9], but herein it will be assumed to be
real; we are not aware of works, in which the quantities A and Z have been
treated as complex parameters.
The fixation of the parameter Z from theoretical principles has been explored
in a number of studies. To start with, using the subsidiary condition γµΘµν =
0, Peccei suggested the use of Z = −1
4
[13], whereas Nath, Etemadi, and
Kimel [14] recommended Z = 1
2
. However, it was argued in Ref. [4] that
the Z = 1
2
choice leads to unexpected properties of the ∆ radiative decay.
Ho¨hler [9] assumed a cautious attitude regarding the arguments in favour
of such ‘theoretical preferences’, thus hinting at the extraction of the value
of Z from measurements. Although Z has been treated as a free parameter
thus far, the results of our partial-wave analyses (PWAs) of the π±p elastic-
scattering data favour the case Z = −1
2
; this value leads to the simplification
of the relevant expressions and considerably shortens the calculations within
the Rarita-Schwinger formalism. This observation has two consequences: a) It
leaves open the possibility of fixing Z to −1
2
(hence z to 0) in the future, thus
of performing the fits (to the πN scattering data) with fewer parameters. b)
It may be of relevance in terms of the treatment of graphs involving states of
higher spin, i.e., of the treatment of the massive spin-5
2
and spin-7
2
fields.
1 When comparing values of the coupling constant gpiN∆, the reader must bear in
mind that, in some works (e.g., in Ref. [9]), the factor 2mp, appearing as denominator
on the right-hand side (rhs) of Eq. (2), is absorbed in gpiN∆. One possibility of fixing
the coupling constant gpiN∆ from the width of the ∆(1232) is discussed in Subsection
3.5.1 of Ref. [10] (see footnote 10 therein).
2 Some authors [6,11,12] have argued that the spin-1
2
contributions to the ∆(1232)
field are redundant in the framework of an Effective Field Theory, as such off-shell
effects can be absorbed in other terms of the effective Lagrangian. Nevertheless,
this claim does not impair the possibility of including these contributions in phe-
nomenological models.
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3 Derivation of the contributions to the invariant amplitudes A
and B
Leaving out, for a moment, the isospin decomposition of the πN scattering
amplitude, the contributions of a graph (of a hadronic model) to the T -matrix
element in the CM frame are put in the form:
T = u¯f(p
′)
(
A+B(γ0W −mp)
)
ui(p) , (4)
where u(p) is the Dirac spinor associated with the plane-wave of a nucleon
with 4-momentum p; u¯(p) = u†(p)γ0 is the conjugate spinor, whereas u†(p) is
the conjugate transpose of u(p). The subscripts i and f refer to the nucleon
spin and isospin in the initial and final state, respectively. The functions A and
B in Eq. (4) represent the contributions of the specific graph to the scattering
amplitude; A and B are functions of two (independent) Mandelstam variables,
which may be chosen at will. To facilitate the comparison of our expressions
with other works, chosen herein are the Mandelstam variables s and t. A
thorough description of the formalism, used in the present paper, may be
found in Ref. [10]; the isospin-even or isoscalar (denoted by the superscript
‘+’) and isospin-odd or isovector (denoted by the superscript ‘−’) amplitudes
are defined therein, in the beginning of Section 3.
The s-channel contribution to the T -matrix element in the CM frame reads
as:
T = −i
(
gpiNR
2mp
)2
u¯f(p
′)(q′µ + z6 q ′γµ) Πµν(P ) (qν + zγν6 q)ui(p) , (5)
where the propagator Πµν(P ) of the massive spin-
3
2
intermediate state (de-
noted as R) has the form:
Πµν(P ) =
i
6P −mRPµν(P ) ; (6)
in Eqs. (5) and (6), P denotes the 4-momentum of the massive spin-3
2
in-
termediate state (in the s channel, P = p + q), mR its mass, and Pµν(P )
the spin-projection operator associated with the propagator Πµν(P ). Using
Eq. (6), along with the definition of the Mandelstam variable s, one may
rewrite Eq. (5) as:
T =
1
s−m2R
(
gpiNR
2mp
)2
u¯f(p
′)(q′µ+z6 q ′γµ)(6 p+6 q+mR) Pµν(p+q) (qν+zγν6 q)ui(p) .
(7)
The u-channel contributions to the T -matrix element in the CM frame may
be derived from Eq. (7) via the standard substitutions: s → u, q → −q′, and
5
q′ → −q.
T =
1
u−m2R
(
gpiNR
2mp
)2
u¯f(p
′)(qµ+z6 qγµ)(6 p−6 q ′+mR) Pµν(p−q′) (q′ ν+zγν6 q ′)ui(p)
(8)
Regarding the application to the πN system, the intermediate state may have
total isospin I = 3
2
or I = 1
2
. Therefore, the massive spin-3
2
intermediate state
may be either an I(JP ) = 3
2
(3
2
+
) state (e.g., the ∆(1232)) or an I(JP ) = 1
2
(3
2
+
)
state (e.g., the N(1720)). In the former case, the isospin decomposition of the
scattering amplitude involves the combination 2
3
+ 1
3
~τ ·~t for the s-channel graph
and 2
3
− 1
3
~τ · ~t for the u-channel graph; in the latter case, the combinations
are: 1 − ~τ · ~t for the s-channel graph and 1 + ~τ · ~t for the u-channel graph.
To facilitate the use of our results, expressions will be derived for the general
isospin decomposition, α+β~τ ·~t for the s-channel graphs and α−β~τ ·~t for the
u-channel graphs. To adapt our expressions to πN scattering, one must use
α = 2
3
and β = 1
3
for the contributions of the ∆(1232) graphs (Figs. 1), and
α = 1 and β = −1 for the (significantly smaller) contributions of the N(1720)
graphs.
The separation of the contributions to the scattering amplitude into pole and
non-pole parts is rather subtle. In the framework of Refs. [9,14], the s-channel
contributions to the invariant amplitudes A and B are functions of the Man-
delstam variables s and t, and may be put in the form of a sum of three
terms, each containing a different power of s−m2R, from −1 (inversely propor-
tional) to 1 (linear); the pole contributions comprise only the terms containing
(s − m2R)−1. (Regarding the u-channel contributions, the previous comment
holds after substituting s with u.) The separation of the contributions into
pole and non-pole parts depends on the choice of the independent variables in
the problem. For instance, if one chooses to use s and cos θ (instead of s and
t), some terms categorised within the pole part will be transferred to the non-
pole contributions. As earlier mentioned, the choice of s and t as independent
variables in the present paper facilitates the comparison of our results with
the standard literature, namely with the expressions of Refs. [9,14] (for the
Rarita-Schwinger propagator).
4 The Rarita-Schwinger propagator
In the Rarita-Schwinger formalism, the operator Pµν(P ) has the form:
P
RS
µν (P ) = gµν −
1
3
γµγν − γµPν − γνPµ
3mR
− 2PµPν
3m2R
. (9)
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Before advancing to the technicalities of the calculation, we will briefly com-
ment on the structure of the Rarita-Schwinger propagator. To this end, we
will follow the established approach and put PRSµν (P ) in the form:
P
RS
µν (P ) =P
3/2
µν (P )−
2(P 2 −m2R)
3m2R
(P
1/2
22 )µν(P )
+
6P −mR√
3mR
(
(P
1/2
12 )µν(P ) + (P
1/2
21 )µν(P )
)
, (10)
where all the expressions for the operators (P1/2mn )µν(P ), as well as forP
3/2
µν (P ),
may be found in Ref. [7]. P3/2µν (P ) projects onto pure spin-
3
2
states and is de-
noted in Ref. [7] as Dµν(P ) (see Eq. (7) therein), whereas (P1/212 )µν(P ) and
(P
1/2
21 )µν(P ) describe the transitions between the two irreducible spin-
1
2
repre-
sentations (see Eqs. (10a) and (10b) therein); finally, the operator (P
1/2
22 )µν(P )
(defined in Eq. (9) of Ref. [7]) is the projector associated with the (0,1
2
) irre-
ducible representation. It follows that PRSµν (P ) ≡ P3/2µν (P ) on the mass shell
(P 2 = m2R).
In Subsections 4.1 and 4.2, explicit results will be given for the contribution of
each of the four terms, appearing on the rhs of Eq. (9), to the invariant ampli-
tudes A and B. The calculations are somewhat lengthy, but straightforward,
assuming familiarity with the algebra of the Dirac matrices. The relations of
Appendix A are helpful in the calculation. The contributions to the invariant
amplitudes A and B can be disentangled easily, as the latter involve the factor
(γ0W −mp) (see Eq. (4)).
Prior to entering the details of the calculation, it must be mentioned that
the expressions for the pole and non-pole contributions of the ∆(1232) graphs
(Figs. 1) to the invariant amplitudes A and B may be found in Ref. [9], pp. 562
and 564. Due to a sign-convention difference, the contributions to the isovector
invariant amplitudes A− and B− of the present paper are opposite to those of
Ref. [9]. The isoscalar invariant amplitudes A+ and B+ have the same sign.
The expressions had appeared earlier in Ref. [14], but the concise formulae of
Ref. [9] are more attractive for a compact implementation 3 . The main goal in
the present section is the verification of the expressions given in Refs. [9,14].
4.1 The s-channel contributions
As mentioned at the end of Section 3, the contributions will be split into
pole (inversely proportional to s − m2R) and non-pole (all else) terms. For
3 The reader must also bear in mind that, compared to Ref. [9], the invariant
amplitudes B are defined with an opposite sign in Ref. [14].
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the sake of brevity, in the contributions of Subsections 4.1.1-4.1.4, the factor
1
s−m2
R
(
gpiNR
2mp
)2
, appearing on the rhs of Eq. (7), is suppressed.
4.1.1 The contributions of the first term
Pole contributions to the invariant amplitude A
as,p;1 = (mR +mp)(m
2
c −
t
2
) + 2z
[
(1 + 2z)mR + (1 + z)mp
]
(m2R −m2p) (11)
Pole contributions to the invariant amplitude B
bs,p;1 = m
2
c −
t
2
− 2z(2mRmp + 2m2p −m2c)− 2z2(m2R + 4mRmp +m2p) (12)
Non-pole contributions to the invariant amplitude A
as,np;1 = 2z
[
(1 + 2z)mR + (1 + z)mp
]
(s−m2R) (13)
Non-pole contributions to the invariant amplitude B
bs,np;1 = −2z2(s−m2R) (14)
4.1.2 The contributions of the second term
Pole contributions to the invariant amplitude A
as,p;2 = −1 + 4z
3
[
(1 + 4z)mR + (1 + 2z)mp
]
(m2R −m2p) (15)
Pole contributions to the invariant amplitude B
bs,p;2 =
1 + 4z
3
[
2mRmp + 2m
2
p −m2c + 2z(m2R + 4mRmp +m2p)
]
(16)
Non-pole contributions to the invariant amplitude A
as,np;2 = −1 + 4z
3
[
(1 + 4z)mR + (1 + 2z)mp
]
(s−m2R) (17)
Non-pole contributions to the invariant amplitude B
bs,np;2 =
1 + 4z
3
2z(s−m2R) (18)
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4.1.3 The contributions of the third term
Pole contributions to the invariant amplitude A
as,p;3 =
1
3mR
{
−m
4
c
2
+
[
(
1
2
+4z+6z2)m2R−(
1
2
+2z)m2p+2zm
2
c
]
(m2R−m2p)
}
(19)
Pole contributions to the invariant amplitude B
bs,p;3 = − mp
3mR
[
(1 + 6z + 12z2)m2R − (1 + 2z)(m2p −m2c)
]
(20)
Non-pole contributions to the invariant amplitude A
as,np;3 =
s−m2R
3mR
[
(1 + 8z + 12z2)m2R − (1 + 6z + 6z2)m2p + 2zm2c
+ (
1
2
+ 4z + 6z2)(s−m2R)
]
(21)
Non-pole contributions to the invariant amplitude B
bs,np;3 = −s−m
2
R
3mR
(1 + 6z + 12z2)mp (22)
4.1.4 The contributions of the fourth term
Pole contributions to the invariant amplitude A
as,p;4 = −2(mR +mp)
3m2R
[(m2R −m2p +m2c)2
4
+ zmR(mR −mp)(m2R −m2p +m2c)
+ z2m2R(mR −mp)2
]
(23)
Pole contributions to the invariant amplitude B
bs,p;4 = − 2
3m2R
[(m2R −m2p +m2c)2
4
+ zmR(mR −mp)(m2R −m2p +m2c)
+ z2m2R(mR −mp)2
]
(24)
Non-pole contributions to the invariant amplitude A
as,np;4 = −2(s−m
2
R)
3m2R
{
mR +mp
2
(m2R −m2p +m2c) + zmR(2m2R − 2m2p +m2c)
+ z2(mR −mp)(2m2R −m2p)
+
[
(
1
4
+ z + z2)mR + (
1
4
− z2)mp
]
(s−m2R)
}
(25)
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Non-pole contributions to the invariant amplitude B
bs,np;4 = −2(s−m
2
R)
3m2R
[m2R −m2p +m2c
2
+ z(2m2R −mRmp −m2p +m2c)
+ z2(2m2R − 2mRmp +m2p)
+ (
1
4
+ z + z2)(s−m2R)
]
(26)
4.1.5 Sums of the s-channel contributions
The s-channel contributions to the invariant amplitudes A and B may be
obtained from the results listed in Subsections 4.1.1-4.1.4 via the expressions.
As,p =
1
s−m2R
(
gpiNR
2mp
)2 4∑
n=1
as,p;n (27)
Bs,p =
1
s−m2R
(
gpiNR
2mp
)2 4∑
n=1
bs,p;n (28)
As,np =
1
s−m2R
(
gpiNR
2mp
)2 4∑
n=1
as,np;n (29)
Bs,np =
1
s−m2R
(
gpiNR
2mp
)2 4∑
n=1
bs,np;n (30)
After some algebraic operations, one obtains:
4∑
n=1
as,p;n = −1
3
[3(mR +mp)t
2
+ 4mRp
2
0R + 2mRmpp0R − 2mRm2p
− 4m3p − 2m2pp0R + 2mpp20R
]
, (31)
where p0R =
m2
R
+m2p−m
2
c
2mR
denotes the total CM energy of the nucleon at the
resonance position (s = m2R). Interestingly, the Z-dependence disappears when
summing up the pole contributions to the invariant amplitude A, detailed in
Eqs. (11), (15), (19), and (23). In fact, the Z-independence is a common
characteristic of all pole contributions of Section 4; in this respect, all pole
contributions to the invariant amplitudes A and B are unique.
Expression (31) can be simplified further. The following compact formula for
As,p may be obtained after including the isospin structure [9]:
A±s,p =
(
α
β
)
g2piNR
12m2p
α1 + α2t
m2R − s
, (32)
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with
α1 = 3(mR +mp)~qR
2 + (mR −mp)(p0R +mp)2 ,
α2 =
3
2
(mR +mp) , (33)
where |~qR| is the (modulus of the) CM momentum at s = m2R. In particular,
for the s-channel graph with a ∆(1232) intermediate state, one obtains:
A±s,p =
(
2
1
)
g2piN∆
36m2p
α1 + α2t
m2∆ − s
. (34)
The sum on the rhs of Eq. (28) reads as:
4∑
n=1
bs,p;n = −1
3
(3t
2
− 4m2p − 2mpp0R + 2p20R
)
, (35)
which leads to
B±s,p =
(
α
β
)
g2piNR
12m2p
β1 + β2t
m2R − s
, (36)
with
β1 = 3~qR
2 − (p0R +mp)2 ,
β2 =
3
2
. (37)
In particular, for the s-channel graph with a ∆(1232) intermediate state, one
obtains:
B±s,p =
(
2
1
)
g2piN∆
36m2p
β1 + β2t
m2∆ − s
. (38)
The final expression for As,np reads as:
A±s,np =
(
α
β
)
g2piNR
12m2p
{
2(−1 + z + 2z2)mR + (−3 + 2z2)mp − (1 + 2z + 4z2)
m2p
mR
+ 2p0R + 2
mp
mR
p0R − 2z2
m3p
m2R
+
s−m2R
mR
[
2z + 4z2 − (1
2
− 2z2)mp
mR
]}
. (39)
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The final expression for Bs,np reads as:
B±s,np = −
(
α
β
)
g2piNR
12m2p
[
1 + 2z + 2z2 + (1 + 4z + 8z2)
mp
mR
− (1 + 2z − 2z2)m
2
p
m2R
− 2m
2
c
m2R
Z + 2
s−m2R
m2R
Z2
]
. (40)
4.2 The u-channel contributions
Similarly to Subsection 4.1, the u-channel contributions will be split into pole
(inversely proportional to u−m2R) and non-pole (all else) terms. In the contri-
butions of Subsections 4.2.1-4.2.4, the factor 1
u−m2
R
(
gpiNR
2mp
)2
, appearing on the
rhs of Eq. (8), is suppressed.
4.2.1 The contributions of the first term
Pole contributions to the invariant amplitude A
au,p;1 = as,p;1 (41)
Pole contributions to the invariant amplitude B
bu,p;1 = −bs,p;1 (42)
Non-pole contributions to the invariant amplitude A
au,np;1 = 2z
[
(1 + 2z)mR + (1 + z)mp
]
(u−m2R) (43)
Non-pole contributions to the invariant amplitude B
bu,np;1 = 2z
2(u−m2R) (44)
4.2.2 The contributions of the second term
Pole contributions to the invariant amplitude A
au,p;2 = as,p;2 (45)
Pole contributions to the invariant amplitude B
bu,p;2 = −bs,p;2 (46)
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Non-pole contributions to the invariant amplitude A
au,np;2 = −1 + 4z
3
[
(1 + 4z)mR + (1 + 2z)mp
]
(u−m2R) (47)
Non-pole contributions to the invariant amplitude B
bu,np;2 = −1 + 4z
3
2z(u−m2R) (48)
4.2.3 The contributions of the third term
Pole contributions to the invariant amplitude A
au,p;3 = as,p;3 (49)
Pole contributions to the invariant amplitude B
bu,p;3 = −bs,p;3 (50)
Non-pole contributions to the invariant amplitude A
au,np;3 =
u−m2R
3mR
[
(1 + 8z + 12z2)m2R − (1 + 6z + 6z2)m2p + 2zm2c
+ (
1
2
+ 4z + 6z2)(u−m2R)
]
(51)
Non-pole contributions to the invariant amplitude B
bu,np;3 =
u−m2R
3mR
(1 + 6z + 12z2)mp (52)
4.2.4 The contributions of the fourth term
Pole contributions to the invariant amplitude A
au,p;4 = as,p;4 (53)
Pole contributions to the invariant amplitude B
bu,p;4 = −bs,p;4 (54)
Non-pole contributions to the invariant amplitude A
au,np;4 = −2(u−m
2
R)
3m2R
{
mR +mp
2
(m2R −m2p +m2c) + zmR(2m2R − 2m2p +m2c)
+ z2(mR −mp)(2m2R −m2p)
+
[
(
1
4
+ z + z2)mR + (
1
4
− z2)mp
]
(u−m2R)
}
(55)
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Non-pole contributions to the invariant amplitude B
bu,np;4 =
2(u−m2R)
3m2R
[m2R −m2p +m2c
2
+ z(2m2R −mRmp −m2p +m2c)
+ z2(2m2R − 2mRmp +m2p)
+ (
1
4
+ z + z2)(u−m2R)
]
(56)
4.2.5 Sums of the u-channel contributions
The u-channel contributions to the invariant amplitudes A and B may be
obtained, using the results detailed in Subsections 4.2.1-4.2.4, via the expres-
sions.
Au,p =
1
u−m2R
(
gpiNR
2mp
)2 4∑
n=1
au,p;n (57)
Bu,p =
1
u−m2R
(
gpiNR
2mp
)2 4∑
n=1
bu,p;n (58)
Au,np =
1
u−m2R
(
gpiNR
2mp
)2 4∑
n=1
au,np;n (59)
Bu,np =
1
u−m2R
(
gpiNR
2mp
)2 4∑
n=1
bu,np;n (60)
As au,p;n = as,p;n in all cases,
A±u,p =
(
α
−β
)
g2piNR
12m2p
α1 + α2t
m2R − u
, (61)
where α1 and α2 are defined in Eqs. (33) and the isospin structure has now been
included. In particular, for the u-channel graph with a ∆(1232) as intermediate
state, one obtains:
A±u,p =
(
2
−1
)
g2piN∆
36m2p
α1 + α2t
m2∆ − u
. (62)
As bu,p;i = −bs,p;i in all cases,
B±u,p = −
(
α
−β
)
g2piNR
12m2p
β1 + β2t
m2R − u
, (63)
where β1 and β2 are defined in Eqs. (37). In particular, for the u-channel graph
with a ∆(1232) as intermediate state, one obtains:
B±u,p = −
(
2
−1
)
g2piN∆
36m2p
β1 + β2t
m2∆ − u
. (64)
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The final expression for Au,np reads as:
A±u,np =
(
α
−β
)
g2piNR
12m2p
{
2(−1 + z + 2z2)mR + (−3 + 2z2)mp − (1 + 2z + 4z2)
m2p
mR
+ 2p0R + 2
mp
mR
p0R − 2z2
m3p
m2R
+
u−m2R
mR
[
2z + 4z2 − (1
2
− 2z2)mp
mR
]}
. (65)
The final expression for Bu,np reads as:
B±u,np =
(
α
−β
)
g2piNR
12m2p
[
1 + 2z + 2z2 + (1 + 4z + 8z2)
mp
mR
− (1 + 2z − 2z2)m
2
p
m2R
− 2m
2
c
m2R
Z + 2
u−m2R
m2R
Z2
]
. (66)
4.3 Final expressions for the Rarita-Schwinger propagator
The expressions for the pole contributions to the invariant amplitudes A and
B are given by Eqs. (32) and (36) for the s-channel graph, and by Eqs. (61)
and (63) for the u-channel graph. As earlier mentioned, inasmuch as they do
not depend on the parameter Z, these contributions are unique. The sums of
the s- and u-channel contributions are put in the concise forms:
A±p =
(
α
β
)
g2piNR
12m2p
(
α1 + α2t
m2R − s
± α1 + α2t
m2R − u
)
(67)
and
B±p =
(
α
β
)
g2piNR
12m2p
(
β1 + β2t
m2R − s
∓ β1 + β2t
m2R − u
)
. (68)
We now come to the expressions for the non-pole contributions to the invariant
amplitudes A and B.
Concerning the invariant amplitudes A, the sums of the s-channel of Eq. (39)
and u-channel of Eq. (65) contributions read as:
A+np = α
g2piNR
12m2p
{
4(−1 + z + 2z2)mR + 2(−3 + 2z2)mp − 2(1 + 2z + 4z2)
m2p
mR
+ 4p0R + 4
mp
mR
p0R − 4z2
m3p
m2R
+
s+ u− 2m2R
mR
[
2z + 4z2 − (1
2
− 2z2)mp
mR
]}
(69)
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and
A−np = β
g2piNR
12m2pmR
(s− u)
[
2z + 4z2 − (1
2
− 2z2)mp
mR
]
. (70)
To somewhat compactify the expressions, the variable Y was introduced [9]
according to the equation:
Y = (2 +
mp
mR
)Z2 + (1 +
mp
mR
)Z = z + 2z2 − (1
4
− z2)mp
mR
. (71)
Using Eq. (71), one may put Eqs. (69) and (70) in the forms:
A+np = −α
g2piNR
6m2pmR
[
(p0R+mp)(2mR−mp)+(2+ mp
2mR
)m2c+(t−2m2c)Y
]
(72)
and
A−np = β
2g2piNR
3mpmR
Y ν . (73)
The Mandelstam variable ν has been defined in Eq. (1).
Regarding the invariant amplitudes B, the sums of the s-channel of Eq. (40)
and u-channel of Eq. (66) contributions lead to:
B+np = −α
2g2piNR
3mpm2R
Z2ν (74)
and
B−np = −β
g2piNR
12m2p
{
(1 +
mp
mR
)2 +
8mpY
mR
+
4
m2R
[
(m2c −
t
2
)Z2 −m2cZ
]}
. (75)
The final expressions of this subsection agree with the formulae of Refs. [9,14],
which (up to the present time) had been used in the ETH model of the πN
interaction [8,10,15] without verification. In this paper, we gave all the con-
tributions in a form which facilitates their use in the general case of isospin
decomposition of the scattering amplitude. It is now easy to understand the
somewhat peculiar factors which had been applied to the pole and non-pole
contributions of the ∆ amplitudes in Ref. [10] (see Subsection 3.5.3 therein),
in order to determine the contributions of the graphs with an N(1720) inter-
mediate state. As an example, in order to obtain the conversion factor for the
non-pole isovector part of the invariant amplitudes A and B, one must first
‘undo’ the isospin decomposition of the ∆(1232) in that part; this implies a
multiplication by 3 (as the factor originally applied had been β = 1
3
. Subse-
quently, one must multiply by −1, i.e., the appropriate β value for an N -type
isospin decomposition. Therefore, the overall factor is equal to 3 · (−1) = −3.
To summarise, the pole contributions to the invariant amplitudes A are given
in Eq. (67); the pole contributions to the invariant amplitudes B are given in
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Eq. (68). The non-pole contributions to the invariant amplitudes A are given
by Eqs. (72) and (73). Finally, the non-pole contributions to the invariant am-
plitudes B are given by Eqs. (74) and (75). The pole contributions are unique,
in that they do not depend on the parameter Z; the non-pole contributions
are Z-dependent. Shown in Figs. 2, as functions of the Mandelstam variables
s and t, are the contributions to the invariant amplitudes A and B of the
∆(1232) graphs (Figs. 1), obtained with the Rarita-Schwinger propagator.
The partial-wave decomposition of the scattering amplitude, obtained with
the Rarita-Schwinger propagator for the ∆(1232) graphs, has been given in
Subsection 3.4 of Ref. [10]. The appropriate isospin decomposition of the scat-
tering amplitude is obtained by suitably choosing the values of the quantities
α and β, fixing the isoscalar and isovector contributions, respectively.
The expressions of the present section are drastically simplified when z = 0
or, equivalently, Z = −1
2
. In this context, it is interesting to mention that, for
a long time, the results of the fits to meson-factory low-energy π±p elastic-
scattering data (see Ref. [10] and the relevant references therein) have been
compatible 4 with the solution Z = −1
2
. This remark may be useful in the
calculation of the contributions to the scattering amplitude of graphs with
massive intermediate states of higher spin (J > 3
2
).
5 The Williams propagator
The operator Pµν(P ), corresponding to the Williams propagator, is:
P
WL
µν (P ) = P
3/2
µν (P ) = gµν −
1
3
γµγν − 6PγµPν + γνPµ6P
3P 2
, (76)
where P3/2µν (P ) has been introduced in Eq. (10). It satisfies
γµPWLµν (P ) = P
WL
µν (P )γ
ν = 0 (77)
4 The relative weakness of the contributions to the invariant amplitudes of the
terms which are linear in Z, in conjunction with the significant correlations which
are present among the model parameters during the optimisation (especially when
the floating of the experimental data sets is allowed), leads to a weak dependence
of the χ2 value on the sign of the parameter Z; the analysis of the results of the
fits at fixed Z values demonstrated that the χ2 function is nearly symmetric around
Z = 0, creating two deep local minima, one around Z = 1
2
, the other around
Z = −1
2
. Fortunately enough, up to now, the minimum around Z = −1
2
has always
been deeper and, more importantly, the one at positive Z yields an unphysical result
for the model parameter κρ; κρ is negative for Z & 0.15, reaching the value of about
−4.5 at Z = 1
2
.
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and
P µPWLµν (P ) = P
ν
P
WL
µν (P ) = 0 . (78)
On the whole, the calculations of the contributions to the scattering amplitude
with the Williams propagator are significantly shorter (and less tedious) than
in the Rarita-Schwinger case.
5.1 The s-channel contributions
Once again, explicit results will be given for each of the four terms comprising
the operator of Eq. (76). For brevity, these contributions will be split into pole
and non-pole parts at a later stage, after listing the u-channel results. In the
contributions of Subsections 5.1.1-5.1.4, the factor 1
s−m2
R
(
gpiNR
2mp
)2
, appearing
on the rhs of Eq. (7), is suppressed.
5.1.1 The contributions of the first term
Contributions to the invariant amplitude A
as;1 = (mR +mp)(m
2
c −
t
2
) (79)
Contributions to the invariant amplitude B
bs;1 = m
2
c −
t
2
(80)
5.1.2 The contributions of the second term
Contributions to the invariant amplitude A
as;2 = −1
3
(mR +mp)(s−m2p) (81)
Contributions to the invariant amplitude B
bs;2 =
1
3
(2mRmp + 2m
2
p −m2c) (82)
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5.1.3 The contributions of the third term
Contributions to the invariant amplitude A
as;3 = −
s−m2p +m2c
6s
mRm
2
c (83)
Contributions to the invariant amplitude B
bs;3 = −
s−m2p +m2c
6s
(s+mRmp) (84)
5.1.4 The contributions of the fourth term
Contributions to the invariant amplitude A
as;4 = −
s−m2p +m2c
6s
[
(mR +mp)m
2
c +mp(s−m2p)
]
(85)
Contributions to the invariant amplitude B
bs;4 = −
s−m2p +m2c
6s
(mRmp −m2p +m2c) (86)
5.2 The u-channel contributions
In the contributions of Subsections 5.2.1-5.2.4, the factor 1
u−m2
R
(
gpiNR
2mp
)2
, ap-
pearing on the rhs of Eq. (8), is suppressed.
5.2.1 The contributions of the first term
Contributions to the invariant amplitude A
au;1 = as;1 (87)
Contributions to the invariant amplitude B
bu;1 = −bs;1 (88)
5.2.2 The contributions of the second term
Contributions to the invariant amplitude A
au;2 = −1
3
(mR +mp)(u−m2p) (89)
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Contributions to the invariant amplitude B
bu;2 = −bs;2 (90)
5.2.3 The contributions of the third term
Contributions to the invariant amplitude A
au;3 = −
u−m2p +m2c
6u
mRm
2
c (91)
Contributions to the invariant amplitude B
bu;3 =
u−m2p +m2c
6u
(u+mRmp) (92)
5.2.4 The contributions of the fourth term
Contributions to the invariant amplitude A
au;4 = −
u −m2p +m2c
6u
[
(mR +mp)m
2
c +mp(u−m2p)
]
(93)
Contributions to the invariant amplitude B
bu;4 =
u−m2p +m2c
6u
(mRmp −m2p +m2c) (94)
5.3 Final expressions for the Williams propagator
The pole contributions to the invariant amplitude A may be put in the con-
venient form
A±p =
(
α
β
)
g2piNR
12m2p
(
α′1 + α2t
m2R − s
± α
′′
1 + α2t
m2R − u
)
, (95)
where the coefficient α2 is defined in the second of Eqs. (33); α
′
1 = m
2
Rα1/s
and α′′1 = m
2
Rα1/u, where α1 is defined in the first of Eqs. (33).
Similarly,
B±p =
(
α
β
)
g2piNR
12m2p
(
β ′1 + β2t
m2R − s
∓ β
′′
1 + β2t
m2R − u
)
, (96)
where the coefficient β2 is defined in the second of Eqs. (37); β
′
1 = m
2
Rβ1/s
and β ′′1 = m
2
Rβ1/u, where β1 is defined in the first of Eqs. (37).
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The final expressions for the non-pole contributions to the invariant ampli-
tudes A read as:
A+np = −α
g2piNR
24m2p
[
4mR + 6mp + λ1(
1
s
+
1
u
)
]
(97)
and
A−np = βλ1
g2piNR
6mpsu
ν , (98)
where λ1 = m
2
R(2mR +mp) + 2(mR +mp)(mRmp − 2m2p − 2m2c).
The final expressions for the non-pole contributions to the invariant ampli-
tudes B read as:
B+np = −αλ2
g2piNR
6mpsu
ν , (99)
and
B−np = β
g2piNR
24m2p
[
− 2 + λ2(1
s
+
1
u
)
]
, (100)
where λ2 = −m2R + 2mRmp + 6m2p + 2m2c .
The partial-wave amplitudes obtained with the Williams propagator may be
found in Appendix B.
6 Pascalutsa’s method
In Refs. [5,6], Pascalutsa argued that the vertex factor of Eq. (3) (in his papers,
the ‘inconsistent coupling’) must be corrected in order to obey the physical
degrees of freedom counting, thus leading to what he considered to be the
‘consistent coupling’. In Ref. [6], he demonstrated that these two types are
related via a redefinition of the massive spin-3
2
field. From the practical point
of view, the use of the ‘consistent coupling’ along with the operator P3/2µν (P ) of
Eq. (76) is mathematically equivalent to the use of the ‘inconsistent coupling’
along with the multiplication of P3/2µν (P ) by
P 2
m2
R
. Owing to Eqs. (77) and (78),
the contributions to the scattering amplitude are not Z-dependent.
The extraction of the contributions to the invariant amplitudes in Pascalutsa’s
method may be easily obtained from the results of Subsections 5.1 and 5.2 for
the Williams propagator, after the rhs of all the expressions of Subsection 5.1
is multiplied by s
m2
R
and of all those of Subsection 5.2 by u
m2
R
. The derivation
of the expressions is straightforward; we directly come to the results.
The pole part of the invariant amplitudes A and B is identical to the Rarita-
Schwinger forms, given by Eqs. (67) and (68), respectively. The partial-wave
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decomposition of the pole part of the scattering amplitude for the Rarita-
Schwinger propagator may be found in Ref. [10].
The final expressions for the non-pole contributions to the invariant ampli-
tudes A read as:
A+np = −α
g2piNR
24m2pm
2
R
[
(4mR+3mp)t+4mR(2mR+mp)p0R+4mp(m
2
R−mRmp−m2p)
]
(101)
and
A−np = −β
g2piNR
6mpm
2
R
(2mR + 3mp)ν . (102)
The final expressions for the non-pole contributions to the invariant ampli-
tudes B read as:
B+np = −α
g2piNR
6mpm2R
ν , (103)
and
B−np = β
g2piNR
24m2pm
2
R
(−5t + 4mRmp − 4mRp0R + 12m2p) . (104)
One can show that the isoscalar part of the πN scattering amplitude, ob-
tained in Pascalutsa’s method, is identical to the one obtained with the Rarita-
Schwinger propagator and Z = 1
2
.
The partial-wave amplitudes (non-pole contributions), obtained in Pascalutsa’s
method, may be found in Appendix C.
7 Comparison of results obtained in the three approaches
In the present section, we will compare the invariant amplitudes A and B of
the ∆(1232) graphs (Figs. 1), obtained in Sections 4, 5, and 6. This comparison
will involve the same fixed value of the coupling constant gpiN∆, taken from a
fit of the ETH model to low-energy π±p elastic-scattering data [10]; the value
of the parameter Z, entering the Rarita-Schwinger amplitudes, will be taken
from the same fit. The fitted gpiN∆ and Z results for mσ = 475 MeV (i.e.,
for the central value of the recommended range for the σ-meson mass [16],
see Ref. [10] for details) are 29.81 and −0.565, respectively. All other physical
constants needed in the comparison have been fixed from Ref. [16]. Of course,
a more meaningful comparison should rather involve the fitted values of the
coupling constant gpiN∆, obtained from separate fits to the low-energy data of
Ref. [10], using the Williams propagator and Pascalutsa’s method (instead of
the Rarita-Schwinger propagator); however, this work is left for the future.
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Using as reference the invariant amplitudes A and B of the ∆(1232) graphs
obtained with the Rarita-Schwinger propagator (shown in Figs. 2), we esti-
mated the limits of the relative differences in the low-energy region (T ≤ 100
MeV) for the other two treatments investigated in the present paper; these
limits are shown in Table 1. Each difference is defined as f(s, t)/fRS(s, t)− 1,
where f(s, t) stands for the value of one amplitude (i.e., of A+, A−, B+, or
B−), obtained with the Williams propagator or in Pascalutsa’s approach, at
the specific (s,t) point, and fRS(s, t) is the corresponding result obtained with
the Rarita-Schwinger propagator. The largest relative differences in Table 1
correspond to the isovector part of the πN scattering amplitude obtained in
Pascalutsa’s method. The absolute differences δf(s, t) = f(s, t)− fRS(s, t) are
shown in Figs. 3.
The contributions to the s-wave scattering lengths, obtained in the Williams
and Pascalutsa approaches, vanish. Within the Rarita-Schwinger formalism,
null contributions to both scattering lengths can be obtained only when Z = 1
2
;
the corresponding expressions for the contributions to the isoscalar (b0) and
isovector (b1) scattering lengths are:
b0 = −α g
2
piNRm
2
c
12πmR(mp +mc)
(
Z − 1
2
)(
Z − 1
2
mR
− 2(Z + 1)
mp
)
(105)
and
b1 = −β g
2
piNRm
3
c
12πmpm
2
R(mp +mc)
(
Z − 1
2
)2
. (106)
In view of the fact that, in our PWAs of the low-energy π±p elastic-scattering
data, the fitted values of the parameter Z come out close to Z = −1
2
(i.e.,
signifying sizeable contributions to the s waves), the reproduction of the ex-
perimental data on the basis of the Williams and Pascalutsa approaches merits
an investigation; however, such an analysis goes beyond the narrow score of
the present paper.
It is worth mentioning that the contributions of the graphs, involving a mas-
sive spin-3
2
intermediate state, to the πN Σ term are non-zero in the three
approaches investigated herein. Using Eq. (67) to obtain A+p and Eq. (72) to
obtain A+np, summing up the pole and non-pole contributions at the Cheng-
Dashen point (s,t)=(m2p,2m
2
c), and multiplying the result by the pion-decay
constant Fpi, one obtains for the Rarita-Schwinger propagator:
ΣRS = αF 2pi
g2piNR (2mR +mp)m
4
c
12m2pm
2
R(m
2
R −m2p)
; (107)
ΣRS turns out to be independent of Z. The same result is obtained in Pasca-
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lutsa’s method. The result obtained with the Williams propagator is:
ΣWL = αF 2pi
g2piNR (2mR +mp)m
4
c
12m4p(m
2
R −m2p)
. (108)
8 Summary
In the present paper, we set on investigating the propagation of a massive
spin-3
2
intermediate state, aiming at a direct application in hadronic mod-
els of the pion-nucleon (πN) interaction. To facilitate the use of our results,
suitable expressions have been given, applicable in the general case of isospin
decomposition of the scattering amplitude; this is enabled via the use of two
quantities in the expressions, α (pertaining to the isoscalar contributions) and
β (pertaining to the isovector contributions).
In Section 4, we dealt with the details of the lengthy derivation of the con-
tributions to the standard invariant amplitudes A and B using the Rarita-
Schwinger propagator; the final results for this propagator have been known
since a long time, yet a) the details of the calculation had not appeared in the
original papers and b) we are not aware of any attempts to verify the valid-
ity of the expressions found in the literature. After repeating the calculation,
we confirmed the expressions for the amplitudes given in Nath et al.[14] and
Ho¨hler [9].
In Sections 5 and 6, we derived the contributions to the invariant amplitudes A
and B following two other approaches, namely using the Williams propagator
[3], which was introduced in the mid 1980s, and the method which Pascalutsa
[5,6] proposed more recently. Detailed expressions for these contributions are
given in a form which can easily be used in other works.
In Section 7, the results obtained in the low-energy region for the invariant
amplitudes A and B of the ∆(1232) graphs (Figs. 1), in the three approaches
investigated herein, are compared at fixed gpiN∆ (Table 1 and Figs. 3). Relative
to the Rarita-Schwinger results, the largest differences observed pertain to the
isovector part of the πN scattering amplitude in Pascalutsa’s method. Finally,
we give analytical expressions for the s-wave scattering lengths, as well as for
the πN Σ term in the three treatments.
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Table 1
The limits in the differences of the values of the invariant amplitudes A and B of the
∆(1232) graphs (Figs. 1) in the low-energy region (pion laboratory kinetic energy
T ≤ 100 MeV), obtained with the Williams propagator (WL) and in Pascalutsa’s
method (PL), relative (and normalised) to the results obtained with the Rarita-
Schwinger propagator. The values of gpiN∆ and Z have been obtained from a recent
fit of the ETH model to low-energy π±p elastic-scattering data [10] (see Section 8).
The values have been truncated to one decimal digit.
Invariant amplitude WL PL
A+ 3.1 to 5.8% 2.2 to 17.9%
B+ −8.5 to −4.3% −0.8 to −0.4%
A− −2.5 to −1.6% −36.3 to −20.4%
B− −2.8 to −0.9% −36.5 to −22.0%
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π π
N N∆(1232)
π π
N N∆(1232)
Fig. 1. The ∆(1232) s- and u-channel graphs, used in hadronic models of the πN
scattering. Implemented in the ETH model [8,10,15] (but not shown here) are also
the graphs corresponding to another massive spin-3
2
state, namely to the N(1720).
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Fig. 2. The sum of the pole and non-pole contributions to the invariant amplitudes
A and B of the ∆(1232) graphs (Figs. 1) using the Rarita-Schwinger propagator
(Section 4). The values of gpiN∆ and Z have been obtained from a recent fit of
the ETH model to low-energy π±p elastic-scattering data [10] (see Section 8). The
invariant amplitudes are shown as functions of the two independent Mandelstam
variables s and t. The (s-dependent) value of tmin is equal to −4~q 2. The smallest s
value represents the πN threshold, i.e., pion laboratory kinetic energy T = 0 MeV;
the largest s value corresponds to T = 100 MeV.
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Fig. 3. The absolute differences of the values of the invariant amplitudes A and
B of the ∆(1232) graphs (Figs. 1), obtained with the Williams propagator and in
Pascalutsa’s method, to the amplitudes obtained with the Rarita-Schwinger propa-
gator. The values of gpiN∆ and Z have been obtained from a recent fit of the ETH
model to low-energy π±p elastic-scattering data [10] (see Section 8). The differences
are shown as functions of the two independent Mandelstam variables s and t. The
(s-dependent) value of tmin is equal to −4~q 2. The smallest s value represents the
πN threshold, i.e., pion laboratory kinetic energy T = 0 MeV; the largest s value
corresponds to T = 100 MeV. The surface corresponding to Pascalutsa’s method is
above the one obtained with the Williams propagator in δA+ and δB−, below in
the two other cases.
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A Useful relations
Given below are a few important relations for the evaluation of the various
contributions to the T -matrix elements.
s+ u+ t = 2m2p + 2m
2
c
q′ · q = q · q′ = 2m
2
c − t
2
q′ · p = p · q′ = m
2
p +m
2
c − u
2
p · q = q · p = s−m
2
p −m2c
2
6 q6 q = 6 q ′6 q ′ = m2c
In the correspondences below, the operators are assumed sandwiched between
u¯f(p
′) and ui(p). These expressions are useful in the evaluation of the contri-
butions given in Sections 4, 5, and 6.
6 q → γ0W −mp
6 q ′ → γ0W −mp
6 q ′6 q → s−m2p − 2mp(γ0W −mp)
6 p6 q ′ → m2p +m2c − u−mp(γ0W −mp)
6 q6 q ′ → u−m2p + 2mp(γ0W −mp)
6 p6 q → s−m2p −m2c −mp(γ0W −mp)
6 q6 q ′6 q → (m2c − t)(γ0W −mp)
6 q ′6 q6 q ′ → (m2c − t)(γ0W −mp)
6 p6 q ′6 q → mp(s−m2p) + (t− 2m2p)(γ0W −mp)
6 p6 q6 q ′ → mp(u−m2p)− (t− 2m2p)(γ0W −mp)
6 q ′6 p6 q → −mp(s−m2p) + (s+m2p −m2c)(γ0W −mp)
6 q6 p6 q ′ → −mp(u−m2p)− (u+m2p −m2c)(γ0W −mp)
6 p6 q6 p6 q ′ → (s−m2c)(m2p +m2c − u)−m2pm2c − (s+m2p −m2c)mp(γ0W −mp)
6 q ′6 q6 p6 q ′ → (m2p +m2c − u)(s−m2p) + (u− s−m2c)mp(γ0W −mp)
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B Partial-wave decomposition of the scattering amplitude obtained
with the Williams propagator
Regarding the partial-wave decomposition of the scattering amplitude, the
details are given in Ref. [10]. Integrals of the form
φn(a, b) =
∫ 1
−1
ξn dξ
a + bξ
(where |a| > |b|) appear repeatedly in the partial-wave decomposition of the
hadronic part of the scattering amplitude. For b 6= 0,
φ0(a, b) =
1
b
ln
a + b
a− b , φ1(a, b) =
2− a φ0(a, b)
b
,
φ2(a, b) = −a
b
φ1(a, b) , φ3(a, b) =
2/3− a φ2(a, b)
b
,
φ4(a, b) = −a
b
φ3(a, b) , φ5(a, b) =
2/5− a φ4(a, b)
b
. . .
Herein, we need the φn(a, b) for n ≤ 4.
B.1 Pole contributions
The s-channel graph leads to the expressions.
K0+ = λ
(
(α0 + β−)(p0 +mp) +
2~q 2
3
(−α2 + β ′+)(p0 −mp)
)
K1+ =
2λ~q 2
3
(α2 + β
′
−)(p0 +mp)
K1− = K1+ + λ(−α0 + β+)(p0 −mp)
K2− =
2λ~q 2
3
(−α2 + β ′+)(p0 −mp) ,
where
α0 =
m2Rα1
W 2
− 2α2~q 2 ,
β+ = (
m2Rβ1
W 2
− 2β2~q 2)(W +mp) ,
β− = (
m2Rβ1
W 2
− 2β2~q 2)(W −mp) ,
β ′+ = β2(W +mp) ,
β ′− = β2(W −mp) ,
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and
λ =
g2piNR
96πWm2p(m
2
R −W 2)
.
The contributions to all other partial waves vanish. The quantities α1, α2, β1,
and β2 are defined by Eqs. (33) and (37). As in the case of the Rarita-Schwinger
propagator, the (m2R −W 2) factor in the denominator of λ introduces a pole
only in K1+, not in the other partial waves.
For the s-channel contributions, K
3/2
l± = (α+ β)Kl± and K
1/2
l± = (α− 2β)Kl±.
The u-channel expressions comprise two contributions: those given by Eqs. (42)
of Ref. [10], with
λ′ =
g2piNR
96πWm2p
and energy-dependent arguments (a,b)=(m2R−m2p−m2c +2p0q0,2~q 2) in all φn
of Ref. [10], and the ones below, corresponding to the non-constancy of the
coefficients α′′1 and β
′′
1 in Eqs. (95) and (96), respectively.
K0+ = −λ
′
2
(c1φ0 − c2φ1)
K1+ = −λ
′
4
(
2c1φ1 + c2(φ0 − 3φ2)
)
K1− = −λ
′
2
(c1φ1 − c2φ0)
K2+ =
λ′
4
(
c1(φ0 − 3φ2)− c2(3φ1 − 5φ3)
)
K2− =
λ′
4
(
c1(φ0 − 3φ2) + 2c2φ1
)
K3+ =
λ′
16
(
4c1(3φ1 − 5φ3) + c2(3φ0 − 30φ2 + 35φ4)
)
K3− =
λ′
4
(
c1(3φ1 − 5φ3)− c2(φ0 − 3φ2)
)
,
where
c1 =
(
α1 − β1(W −mp)
)
(p0 +mp) ,
c2 =
(
α1 + β1(W +mp)
)
(p0 −mp) .
It must be emphasised that the values of φn in the above-shown Kl± contri-
butions are not the same as those entering Eqs. (42) of Ref. [10]. Therein, the
energy-dependent arguments (a,b)=(m2R−m2p−m2c +2p0q0,2~q 2) were implied
in all φn; on the contrary, (a,b)=(2p0q0 −m2p −m2c ,2~q 2) must be used in the
expressions listed in this appendix.
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Finally, K
3/2
l± = (α− β)Kl± and K1/2l± = (α+2β)Kl± for the u-channel contri-
butions.
B.2 Non-pole contributions
Also in this part, the energy-dependent arguments (a,b)=(2p0q0−m2p−m2c ,2~q 2)
are implied in all φn.
From Eqs. (97) and (99), one obtains the following non-pole isoscalar contri-
butions to the partial waves for l ≤ 3.
K0+ =
1
2
(2c1 − c2φ0 − c4φ1)
K1+ =
1
4
(
− 2c2φ1 + c4(φ0 − 3φ2)
)
K1− =
1
2
(2c3 − c2φ1 − c4φ0)
K2+ =
1
4
(
c2(φ0 − 3φ2) + c4(3φ1 − 5φ3)
)
K2− =
1
4
(
c2(φ0 − 3φ2)− 2c4φ1
)
K3+ =
1
16
(
4c2(3φ1 − 5φ3)− c4(3φ0 − 30φ2 + 35φ4)
)
K3− =
1
4
(
c2(3φ1 − 5φ3) + c4(φ0 − 3φ2)
)
,
where
c1 = − g
2
piNR
192πWm2p
(
4mR + 6mp +
λ1 − λ2(W −mp)
W 2
)
(p0 +mp) ,
c2 = − g
2
piNR
192πWm2p
(
λ1 + λ2(W −mp)
)
(p0 +mp) ,
c3 =
g2piNR
192πWm2p
(
4mR + 6mp +
λ1 + λ2(W +mp)
W 2
)
(p0 −mp) ,
c4 =
g2piNR
192πWm2p
(
λ1 − λ2(W +mp)
)
(p0 −mp) .
The quantities λ1 and λ2 are defined in Subsection 5.3. K
3/2
l± = αKl± and
K
1/2
l± = αKl± for the non-pole isoscalar contributions.
From Eqs. (98) and (100), one obtains the non-pole isovector contributions to
the partial waves. The Kl± expressions of the non-pole isoscalar part may be
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used, with redefined coefficients cn, according to the following expressions.
c1 = − g
2
piNR
192πWm2p
(
2(W −mp) + λ1 − λ2(W −mp)
W 2
)
(p0 +mp)
c2 =
g2piNR
192πWm2p
(
λ1 + λ2(W −mp)
)
(p0 +mp)
c3 =
g2piNR
192πWm2p
(
− 2(W +mp) + λ1 + λ2(W +mp)
W 2
)
(p0 −mp)
c4 =
g2piNR
192πWm2p
(
− λ1 + λ2(W +mp)
)
(p0 −mp)
K
3/2
l± = βKl± and K
1/2
l± = −2βKl± for the non-pole isovector contributions.
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C Partial-wave decomposition of the scattering amplitude obtained
in Pascalutsa’s method (non-pole contributions)
Regarding the partial-wave decomposition of the scattering amplitude, the
details are given in Ref. [10].
From Eqs. (101) and (103), one obtains the following non-pole isoscalar con-
tributions to the partial waves for l ≤ 3.
K0+ =
(
c1 + c3(W −mp)
)
(p0 +mp)− 1
3
(
c2 − c4(W +mp)
)
(p0 −mp)
K1+ =
1
3
(
c2 + c4(W −mp)
)
(p0 +mp)
K1− = K1+ −
(
c1 − c3(W +mp)
)
(p0 −mp)
K2− = −1
3
(
c2 − c4(W +mp)
)
(p0 −mp)
The contributions to all other partial waves vanish. In these expressions,
c1 = − g
2
piNR
192πWm2pm
2
R
(
4mR(2mR +mp)p0R + 4mp(m
2
R −mRmp −m2p)− 2(4mR + 3mp)~q 2
)
,
c2 = − g
2
piNR
96πWm2pm
2
R
(4mR + 3mp)~q
2 ,
c3 = − g
2
piNR
192πWm2pm
2
R
(W 2 −m2p −m2c + 2p0q0) ,
c4 = − g
2
piNR
96πWm2pm
2
R
~q 2 .
K
3/2
l± = αKl± and K
1/2
l± = αKl± for the non-pole isoscalar contributions.
From Eqs. (102) and (104), one obtains the non-pole isovector contributions
to the partial waves. The Kl± expressions of the non-pole isoscalar part may
be used, with redefined coefficients cn, according to the following expressions.
c1 = − g
2
piNR
192πWm2pm
2
R
(2mR + 3mp)(W
2 −m2p −m2c + 2p0q0)
c2 = − g
2
piNR
96πWm2pm
2
R
(2mR + 3mp)~q
2
c3 =
g2piNR
192πWm2pm
2
R
(4mRmp − 4mRp0R + 12m2p + 10~q 2)
c4 = − g
2
piNR
96πWm2pm
2
R
5~q 2
K
3/2
l± = βKl± and K
1/2
l± = −2βKl± for the non-pole isovector contributions.
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